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Abstract. We review the AKSZ construction as applied to the topological open 
membranes and Poisson sigma models. We describe a generalization to open topo- 
logical p-branes and Nambu-Poisson sigma models. 



1. Introduction 

The purpose of this paper is two-fold. First, we review the Alexandrov-Kontsevich- 
Schwarz-Zaboronsky (AKSZ) formulation of topological open membranes and Pois- 
son sigma models, following j5T], [25] and [IT] . Second, we propose a generalization 
to the case of topological open jo-branes and Nambu-Poisson sigma models. 

The Poisson sigma model, introduced in [50] and [28] . and its twisted version 
introduced in [35], play an important role in modern mathematical physics. The most 
striking application of the open Poisson sigma model is the path integral derivation 
of Kontsevich's formality, in particular of his celebrated star product [36], in [9]. 
For this, it was necessary to use BV formalism. Within this formalism Kontsevich's 
formality appears as a consequence of the Ward identities for the BV quantized open 
Poisson sigma model. Another example of the use of Poisson sigma models is the 
integration of Poisson manifolds to symplectic groupoids in [10J. 

The AKSZ formalism [2] is a geometric formalization of the BV formalism. It leads 
to a powerful method for constructing BV actions starting from geometric data, the 
super worldvolume and the superspace. The super worldvolume is a differential 
graded manifold, equipped with a measure invariant under the cohomological vector 
field and the super spacetime a differential graded symplectic manifold, for which 
the cohomological vector filed is a Hamiltonian one. The AKSZ formalism is a 
prescription how to construct, starting with these data, a solution to master equation 
on the space of the corresponding superfields. Examples of the construction comprise 
the BF model in any dimension, the 2 dimensional A- and B-model, 3 dimensional 
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Chern- Simons [2], [UJ and 3 dimensional Rozansky-Witten theory [33]. Further 
applications of the AKSZ construction can be found, e.g., in [30], [31] and [16]. The 
AKSZ formulation of the Poisson sigma model was given in [IT] . Papers [4TJ and [25] 
describe an AKSZ formulation of open topological membranes in the presence of a 
closed 3-form and a twisted Poisson tensor, which leads on shell to the twisted Poisson 
sigma model. The BV quantization of such topological membranes is described in 
|26j . In [25] the authors also describe the relation of topological open membranes to 
Lie and Courant algebroids and Dirac structures, cf. also [15], [29], for some related 
results about 3 dimensional Courant sigma model. 

Nambu-Poisson structures are the most natural generalizations of Poisson struc- 
tures. The original definition of the Nambu bracket of order 3 goes back to the 
Nambu's seminal paper [39] . The generalization and the modern geometric formula- 
tion is due to Takhtajan [51]. An order p Nambu-Poisson bracket on a manifold M 
determines the structure of a Filippov p-algebra on C°°(M) [17] . The recent inter- 
est in such generalized structures was motivated by the Bagger-Lambert-Gustavsson 
model for M2-branes [6], [1], [5], [21]. More recently, the relevance of Nambu-Poisson 
brackets of order 3 for the description of M5-branes was noticed in [24J. 

From the above discussion, it seems to be natural (and hopefully useful) to search 
for a proper generalization of the above mentioned works on topological open mem- 
branes and Poisson sigma models to the case of topological open p-branes and 
Nambu-Poisson sigma models. We also hope that the topological open p-branes 
can be quantized using the BV quantization scheme, similarly to topological open 
membranes [26J. This could possibly lead to a kind of deformation quantization of 
Nambu-Poisson structures^. 

This paper is organized as follows. In Section 2 we summarize, for the reader's 
convenience, the relevant facts regarding the Dorfman (Courant) bracket on sections 
of TM © A P_1 T*M. The discussion includes the twistings of a p Dorfman bracket 
by a p + 1-form and a p-vector field, which leads to a generalization of the so called 
Roytenberg bracket. Most of the material of this section can be found in [22J and 



1 For deformation quantization of Nambu-Poisson structures see [13] . Interested reader can con- 
sult, e.g., the review [3] for a short discussion of other approaches to the quantization of Nambu- 
Poisson structures. 
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In Section 3, we recall the basic facts concerning Nambu-Poisson structures. In 
particular, we describe different, but equivalent, forms of the fundamental identity 
(FI) and recall the relation between the Dorfman and Poisson-Nambu brackets fol- 
lowing, e.g. [22] and [8]. We discuss the possibility of twisting a Nambu-Poisson 
bracket of order p with a closed p+ 1 form, which, as it turns out, is not possible for 
p > 3 (this is probably known to the experts, but we could not find it anywhere the 
the existing literature). Further, we describe gauge equivalence of Nambu-Poisson 
structures and relate it to the higher (semiclassical) version of the Seiberg-Witten 
map, well-known from non-commutative gauge theory. Our discussion of the Seiberg- 
Witten map is a generalization of the low dimensional cases p = 2 in [33| IM] . and 
p = 3 in P3|. 

In Section 4, we collect the relevant material about differential graded (dg) sym- 
plectic manifolds, which are the natural framework for the Batalin-Vilkovisky for- 
malism. Among various relevant examples, we describe twisted Dorfman brackets 
within the framework of dg symplectic manifolds. Here we closely follow the review 
|12j . which is based on |45j. 

The AKSZ construction of BV actions is reviewed in Section 5 following, with small 
modifications, [12] and [25]. As already mentioned above, the AKSZ formalism [2] 
provides for a solution of the classical master equation on the space of maps between 
a super worldvolume and a super spacetime under rather mild assumptions. Since 
we are interested in open p-branes, we describe in detail the effect of canonical 
transformations on the boundary conditions and the boundary terms too. This is 
an important point in understanding the construction of actions described in this 
paper. 

In Section 6, we provide examples of the AKSZ construction. The first one is the 
Poisson sigma model, following [llj, the second one is the open topological membrane 
and the twisted Poisson sigma model, following [JT] and [25J. The open topological 
membrane action has a WZW-type bulk term originating from a closed 3-form c and 
a boundary term originating from a Poisson tensor n twisted by c. There is a gauge 
symmetry which changes the 3-form c by an exact piece and the twisted Poisson 
structure to an equivalent one, hence relating the bulk and boundary interactions. 
This gauge symmetry is closely related to the semiclassical Seiberg-Witten map. 
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The twisted Poisson sigma model is obtained from the open topological membrane 
on shell. 

The open topological membrane and the twisted Poisson model are generalized 
to an open topological p-brane and a Nambu-Poisson sigma model (recall, there 
the twisting of a Nambu-Poisson structure doesn't work for p > 2) in Section 7. 
Again, the construction is based on AKSZ. However, the generalization is not a 
straightforward one. For instance, it does include the case p = 2 in a non-trivial 
way. Namely, for p = 2, we have twice as many fields compared to the action of the 
topological open membrane and the latter is obtained only after imposing further 
constrains on the fields. Nevertheless, also for general p, the resulting topological 
open p-brane action contains a p + 1-form c coupled to the bulk through the WZW 
term and a Nambu-Poisson tensor coupled to the boundary. Also here, we have 
a gauge symmetry which changes the p + 1-form c by an exact piece and Nambu- 
Poisson structure to a gauge equivalent one (in the sense of Section [3]), hence relating 
the bulk and boundary interactions. This gauge symmetry is closely related to the 
higher semiclassical Seiberg-Witten map as described in Section [3j On shell we 
have a generalization of the Poisson sigma model, which we call the Nambu-Poisson 
sigma model. This model is also obtained quite naturally as the topological limit of 
models arising in the study of p-brane actions with background fields [32]. Further 
generalizations, properties and applications of the Nambu-Poisson sigma model will 
be discussed in this forthcoming paper. 



2. DORFMAN BRACKETS 

Let M be a smooth finite-dimensional manifold, and let E denote a vector bundle 
over M. The set of sections of E will be denoted by TE. In particular we have 
the tangent bundle TM, whose sections X(M) = T(TM) are vector fields, and the 
cotangent bundle T*M whose sections Y(T*M) are 1-forms. We also denote by 
X P (M) = T(A p TM), and Q P (M) = T(A P T*M) the set of p-vector fields and p-forms, 
respectively. 

In this section we collect some basic facts concerning the Dorfman bracket on 
T(TM © A P ^T*M) = X(M) © Q p -\M). We have the following definition [22J (see 
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also [23], [20], [8], [56] ) H Everything in this section, with an exception of maybe 
Remark 12.61 and Proposition 12. 7\ can be found, e.g., in [8]. 

Definition 2.1. The Dorfman bracket of order p > 2 on sections of E = TM © 
a p-i t * m ig defined by 

[(X, a), (Y, /?))] = ([X, Y],CxP ~ iyda) , 
where X(M), and a, (3 E 1F _1 (M). 

Let p denote the projection p : E TM, the so-called anchor map, and let 
(-, •) denote the fi p - 2 (M)-valued non-degenerate bilinear pairing between j£(M) and 
QP- l (M) given by 

((X,a),(r,/3)) = ^(^/3 + . Y a). 

The important properties of the Dorfman bracket [•, •] on TE = T(TM © A p ~ l T*M) 
are summarized in the following theorerrj^ 

Theorem 2.2. For e 1} e 2 , e 3 G TE and f e C°°(M) 

p[ei,e 2 ] = \pe 1 ,pe 2 ], (2.1) 
[ei,fe 2 ] = /[e 1 ,e 2 ] + (p(e 1 )/)e 2 , (2.2) 
and t/ie bracket is a Leibniz bracket, i.e. the Jacobi identity 

[ei, [e 2 , e 3 ] = [[d, e 2 ], e 3 ] + [e 2 , [d, e 3 ]] , (2.3) 
is satisfied. The pairing and the bracket are compatible, i.e., 

C p{ei )(e 2 ,e 3 } = ([ei,e 2 ],e 3 ) + (e 2 , [ei,e 3 ]) . (2.4) 

Let c be a (p + l)-form on M. Then the Dorfman bracket [•, •] can be twisted by 

c. 

Definition 2.3. The twisted Dorfman bracket is defined as 

[(X, a), (Y, 0)% := ([X, Y],C x f3 - iyda + l XaY c) . 

We have the following proposition 

2 Let us note, that almost everything in this and the subsequent sections can be formulated more 
generally, by replacing the tangent bundle TM and cotangent bundle T*M by a Lie algebroid A 
over M and its dual A*, respectively [57] . 

3 We will use the same notation, p, for the mapping induced on the sections, p : T(E) — > T(TM). 
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Proposition 2.4. The twisted Dorfman bracket is a Leibniz bracket iff c is closed; 
dc = 0. Further, for any b e Q P (M) define e b : E — >■ E as 

e b (X,a) := (X,a + L X b). 

We have 

e b [ei,e 2 ]c+db = [e b e ll e b e 2 } c ■ 

Remark 2.5. The Dorfman bracket (twisted or not) is not antisymmetric; its an- 
tisymmetrization is called the (twisted) Courant bracket. However, the Courant 
bracket (twisted or not) does not obey the Jacobi identity. The triple (E, [-,-] c ,p) 
has the structure of a Leibniz algebroid (properties (j2.ip -( l2"U|) ) [22J, [8j. Moreover, 
taking into account the differential d : fi p ~ 2 (M) -> QP-\M) © X(M), defined by 
d \ ex i — y (da,0), the quadruple (E, [-, -] c , (•,•), d) has a structure of a (Courant-) 
Dorfman algebra [J7], j!5j . 

Remark 2.6. The Dorfman bracket can also be twisted by a p multi-vector field 
C G X P (M). Define e c : E -> E afj 

e c (X,a) := (X + C tt a,a), 

and introduce the (c, £)-twisted Dorfman bracket 

e C [ei,e 2 ]( c , ? ) = [e c ei, e c e 2 ] c • 
In the case of p = 2, it is due to Roytenberg 



Proposition 2.7. Assume that the map (1 + 6 tt o C tt ) : fi p_1 (M) -» Q P_1 (M) is 
invertible and denote — o (1 + 6j o C") _1 - /iave 



w/iere e^)(X, a) = ((1 - C' tt ° k)(X), (1 + o C»)(a) + &„(*)). 



4 Henceforth, for any ( € £ p (Af), and 6 £ ft p (Af), we define maps C B : ^ P_1 (M) -> 3C(Af), and 
b t : X(M) -> Qf-^M) by C B (a) = i Q C, and &^(X) = for all a € fi^M), and X e £(M), 
respectively. 
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3. Nambu-Poisson structures 

The original definition of the Nambu bracket of order 3 goes back to the Nambu's 
seminal paper [39] . The generalization and the modern geometric formulation is due 
to Takhtajan [51] (for a review on n-ary algebras, see [3]). 

Definition 3.1. A Nambu-Poisson bracket of order p > 2 on M is a skew-symmetric 
jo-linear map {-,...,-} : C°°(M) x ... x C°°(M) C°°(M) having the Leibniz 
property 

{fa, h ■ ■ ■ , f P } = f {g, f2, ■ ■ ■ , f P } + g{fJ2,---, f P } , 

and satisfying the so called fundamental identity (FI) 

p 

{fi, ■ ■ ■ , fp-i, {gi, ■ ■ ■ , g P }} = ^2{gu ■ ■ ■ {fi, ■ ■ ■ , gi, ■ ■ ■ , f P -i}, ■ ■ ■ , g P } ■ (3.1) 

i=l 

In terms of the corresponding p- vector field 7r G X p (M), defined by 

ff(dfi A ... A df p } := {/i,...,/ p }, 

the fundamental identity can be expressed as in the following proposition, which can 
be read off from, e.g., [22], [8] (cf. also [27]). 

Proposition 3.2. A Nambu-Poisson bracket of order p on M is uniquely determined 
by a multi-vector field 7r of order p, satisfying either of the following: 

(i) for all a, f3 e ^(M)^ 

[^a,'K\s*l3 = (C n t a 7r) s f3 = -i^{b^pda) . 

where [-,-}s denotes the Schouten bracket of multi-vector fields. 

(ii) for eC°°(M), 

[7T B (d/i A ... A 7r] 5 = £ 7r «( d / 1 A...Ad/ p _ 1 )7'" = , 

(iii) for (p — 1) -forms a and /3, 

[7r fl a,7r fl /3] = vr fl [a, P]„, (3.2) 

where 

[a, (3} n := £ n t a f3 - L n tpda . 

5 Equivalently, as an equality of maps from fl p ^ 1 (M) to X(M) in the form [n^a, tt]s^ = (£ w tt Q 7r )" — 
— 7r" o (da)t o nK 
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Corollary 3.3. In some local coordinates x l on M , the fundamental identity gives 
two conditions, an algebraic and a differential one. The algebraic one is 

^h—ipji.-.j-p — ^jin—ipiih—jp ' (3-3) 

where 



and the differential one is 



Ji~j* 7r h...l P - 1 kg ,h...i P -xlp} /g A s 

(p — 1)! 1 p 



Remark 3.4. The algebraic condition ( 13. 3 p assures that the second order derivative 
terms in the fundamental identity (13. ip vanish, which is a nontrivial statement for 
p > 3. This condition is equivalent, for p > 3, to the decompos ability of the Nambu- 
Poisson tensor [T5], [TJ, (cf. also [ID], [37], [M])@. More precisely: Let us fix a point 
x G M for which ir(x) ^ 0, then, locally around x, ir — V\ A . . . A v p , with some local 
vector fields v i, . . . , v p . Let us also note that any p- vector field of such a form trivially 
fulfills the fundamental identity. If V x C T X M denotes the p-dimensional subspace 
generated at the point x G M by (vi, . . . ,v p ), then the fundamental identity in the 
form ( 13. 2 p assures that the field of subspaces V x is integrable. 

Corollary 3.5. Due to the decompos ability, for p > 3, the fundamental identity in 
the form of footnote{5\ can be rewritten as 

[^a, n} s i = -7r fi o (da) 8 o vr s = (-l) p (i da ii)^ . 

The following characterization of a decomposability of a ]?-vector, p > 3, will be 
useful latei0. 

Lemma 3.6. A p-vector ir is decomposable iff 

n [h...t P7r h]...j P = o ^ ( 3 5 ) 

where the square brackets denote antisymmetrization. 

The relation between the Dorfman bracket on T(TM © A P ~ 1 T*M) and Nambu- 
Poisson structures is as follows, see, e.g., [22], [H]. 



6 In [IH] , an observation that the decomposability follows from the so called Weitzenbock condition 
is attributed to L. Takhtajan. 

7 See [32] , where also the equivalence to the Weitzenbock condition is shown. 
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Theorem 3.7. Let it be a p-vector field. Its graph, graph(-7r) = {(n^a,a), a G 
fi p_1 (M)} C X(M)@Q P ~ 1 (M), is closed under the Dorfman bracket iff V is a Narabu- 
Poisson vector of order p. 

Remark 3.8. Let c be a closed (p + l)-form. One can try to introduce a Nambu- 
Poisson structure twisted by c, in analogy with the twisted Poisson bracket for p = 2 
[52] . 



Again, let tt be a p-vector field and let us determine when its graph, graph(7r) C 
X(M)©fi p_1 (M), is closed under the twisted Dorfman bracket. We will find, similarly 
to (13. 2p . the following (necessary and sufficient) condition. For (p — f)-forms a and 

P, 

[7r»a,7rl'/3] = 7r'[a,/3] W)C , 

where now 

Equivalently, we have for fx, f p -x,gi, g p G C°°(M) 

v 

{fi, ■ ■ -,f P -i, {gi, ■ ■ -,g P }} = 22{gi, ■~,{fu---,9i,' - -Jp-i}, ■■■-,%) 

i=i 

+ r(X i: /; . ^ A X gi A ... A X gp _, A XJ , (3.6) 

where Xf u f _ x G X(M) denotes the Hamiltonian vector field associated to functions 
f u ...J p U EC°°(M), defined by 

^fi,...,f p -i{h) = X h (fi, . . . , /p-i) := {fx, ■ ■ ■ fp-i, h} . 

Now, following Remark 13 .41 In some local coordinates x % on M, the twisted funda- 
mental identity again gives two conditions, an algebraic and a differential one. The 
algebraic one is identical to (13.31) and the differential one (13. Ah gets a contribution 
coming from the closed p + 1-form c, which is proportional to 

Q ~ril—ip—lh~rjl—jp—lh*rl3—lp+ljp 
/l...tp_)_l 

Since, for p > 3, the algebraic condition is the same as in the untwisted case, it 
is again equivalent to the decompos ability of the tensor tt. Let us also note that for 
any p-vector field of such a form, the above mentioned contribution to the differen- 
tial condition ci 1 _i p+1 7r n '" lp - lll Tr^ 1 "^ p - ll2 Tt l3 " Jp+1 ^ p vanishes identically. Hence, ir also 
fulfills the untwisted fundamental identity. We can conclude that for a p-vector field, 
p > 3, from the twisted Dorfman bracket we only get an "ordinary" Nambu-Poisson 
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tensor. For p = 2, however, we get a twisted Poisson tensor. We have the following 
corollary. 

Corollary 3.9. Let tt be a p-tensor and b a p-form. Then e b (graph(7r)) corresponds 
to a graph of a p-vector ir b iff (1 + b$ o 7r) is invertible on fF _1 (M). On f2 p-1 (M) ; 
we have 

7r 6 tt = vr fl o (1 + 6 fl o J)- 1 . 

For p = 2, if tt is a Poisson bracket twisted by c, then ir b is a Poisson tensor twisted 
by c — db. If tt is a Nambu-Poisson tensor, forp > 3, due to the decomposability, we 
have 

* b = (l + (-i)P- 1 b(ir))- 1 TT, 
in which case TT b is again a Nambu-Poisson tensor% We say that ir b and tt are gauge 
equivalent. 

Remark 3.10. Let us note that, if it makes sense, 7r|" := 7r" o (1 + tb$ o vr") -1 , with 
t e [0, 1] is a solution to the differential equation 

interpolating between tt and TT b . 

Seiberg-Witten map. In case of an exact b, b = da, we have the so called Seiberg- 
Witten map (see, e.g., [33], [M] for the case of a Poisson structure and [H] for the 
case p — 3). The Seiberg-Witten map is a (formal) diffeomorphism relating the 
Nambu-Poisson tensors tt and 7T da . We have the following general proposition and 
its corollary, due to the decomposability, valid for p > 3. 

Proposition 3.11. Suppose that two Nambu-Poisson p-tensors tt and TT da on M are 
gauge equivalent, the gauge equivalence being given by an exact p-form b = da, such 
that, fort G [0, 1], the map (1 + £&j0 7p) is invertible on f2 p_1 (M) and the vector field 
Tr\a, where tt\ is defined by tt\ = —tt\ ob^ ott|, 7rjj = 7r" ; is complete. Then there exists 
a Nambu-Poisson map relating tt and TT da . 

Proof. Let us consider a one-parameter family of p-tensors TT t defined by 

7r{ = 7T l, 0(l+t6|t0 7r 11 )" 1 . 

8 Recall that, due to the decomposability, multiplying a Nambu-Poisson tensor by a smooth 
function gives again a Nambu-Poisson tensor. 
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We have 7r = n and 7Ti = it . Moreover, it is straightforward to check that 

jx\ = - n f ob t O 7f{ = (£^ a 7Ti) tt • 

Denote the corresponding flow by <j) t . The map := is the sought Nambu-Poisson 
map. □ 

Corollary 3.12. Suppose that two Nambu-Poisson p-tensors tv and -K da , p>3 onM 
are gauge equivalent, the gauge equivalence being given by an exact p-form b = da, 
such that, for t G [0, 1], the function (1 + (— l) p-1 t6(7r)) is invertible and the vector 
field ir\a, where 7r| is defined by 7r| = (— l) p fe(7r t )7r^, 7Tq = 7r" , is complete. Then there 
exists a Nambu-Poisson map relating n and r K Aa . 

Remark 3.13. Although the Nambu-Poisson tensor n t does not depend on the choice 
of the primitive a, the flow <p t does. In order to indicate the dependence of the flow 
<fit on a explicitly, we will use the notation 0° for it. 

Proposition 3.14. For a (p — 2) -form X, the flow 0" +dA (0") _1 is generated by a 
Hamiltonian vector field Xx, a , i.e., there exists a (p — 2) -form fi\, a such that X\^ a = 

The explicit formal series formula for fi\ A can be worked out using the BCH 
formula. Up to the first order in A we have 

(-£ t +d t ) k (X) 
"^ = ^ (HI)! fa » + Q(A) 
Applications of the SW map will be discussed in [32J. 

4. Differential graded symplectic manifolds 

Here we closely follow [12] . Another nice discussion of the relevant material can 
be found in jl5], on which [12] is based, and in the original paper on the AKSZ 
formalism [2]. 

Definition 4.1. A differential graded (dg-) manifold M is a graded manifold equipped 
with a cohomological vector field Q, i.e., a graded vector field of degree +1 such that 
Q 2 = 0. 



(3.7) 
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Example 4.2. The basic example of a dg-manifold is T[1]E, where £ is an ordinary 
manifold. The algebra of smooth functions on X = T[1]E is isomorphic to the algebra 
(f2(£), A) of differential forms. For the cohomological vector field on X = T[l]£ we 
take the vector field Qx corresponding, under this isomorphism, to the de Rham 
differential d on (fi(£), A). If we choose some local coordinates x M on £ and denote 
the corresponding induced odd coordinates on the fibre of X by 6^, we will have 
Qx = 

Definition 4.3. A symplectic form u of degree A; on a graded manifold M is a closed, 
non-degenerate 2-form, which is homogeneous of degree k. The corresponding graded 
Poisson bracket {•, •} is of degree —k. It is defined similarly to the non-graded case 
by {f,g} ■■= X f g, where L Xf u = df, i.e., {f,g} = i Xf t Xg u = dg). 

Example 4.4. For V a smooth manifold we take T*[1]V. The canonical symplectic 
structure u on T*[1]V is of degree \u\ = 1. We will denote the degree local 
coordinates on V as X % and the induced degree 1 fibre coordinates on T*[1]V by x%- 
The canonical symplectic form in these coordinates is u = d\i A dX l . The potential 
one-form such that u = d&, can be taken as d = XidX 1 . 

Example 4.5. Let V be a smooth manifold. Consider T"*[p]T[l]V, with p an integer, 
p > 2. The canonical symplectic structure u on T*[p]T[l]y is of degree p. We 
will denote the degree local coordinates on V as X % and the induced degree 1 
fibre coordinates on T[1]V by ip l . Dual fibre coordinates on T*[p]T[l]y — > T[1]M, 
of respective degrees p and p — 1, will be denoted by Fj and Xi- The canonical 
symplectic form in these coordinates is u = dFi A dX l + dtp 1 A d\%- The potential 
one-form fl can be taken as d — FidX 1 + ip l dxi- 

Example 4.6. Again, let V be a smooth manifold. Consider T*[p]((A P_1 )[p-l](r[l]y)), 
with p an integer, p > 2. The canonical symplectic structure u; on T*[p]((/\ p_1 )[p — 
l](T[l]V r )) is of degree p. We will denote the degree local coordinates on V as 
X 1 , the induced degree 1 fibre coordinates on T[1]V — > V by ifj 1 , the induced de- 
gree p — 2 and degree p — 1 fibre coordinates on (/\ p 1 T)[p — 1](T[1]V) — > T[1]V as 
H 1 := H H --- ip - 1 , with i ± < . . . < i p _i and if := j} 11 - 1 *- 1 , i ± < . . . < i p -±, respectively. 
Further, the dual fibre coordinates on T*[p]((/\ p_1 T)\p- 1](T[1]V)) ->■ (A^" 1 T)]p- 
l](T[l]y) of the respective degrees p— 1, p, 2 and 1 will be denoted by Xii F%i Gi '■= 
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Gii...i p -!, i\ < ■ ■ ■ < ip-i, and Aj := Ai...i p _i, h < ■ ■ ■ < ip-i- The canonical symplec- 
tic form in these coordinates is u = dFi A dX l + dip 1 A d\i + dGi A dH 1 + drf A dAj. 
The potential one-form d can be taken as d = FidX 1 + ip l dxi + GidH 1 + rfdAi. 

Remark 4.7. If V is a graded vector space, which has only finitely many non-zero ho- 
mogenous components (all of them finite-dimensional) then a (formal) cohomological 
vector field is the same thing as an Loo-structure on V [2]. 

Remark 4.8. If A is a vector bundle over a manifold V, then a cohomological vector 
field on A\l\ is the same thing as an Lie algebroid structure on A |55j . 

Remark 4.9. A graded symplectic form a; of a non-zero degree k is exact |46j . The 
symplectic potential 6 is given by the contraction where E is the graded Euler 
vector field, i.e., the vector field acting on a homogeneous function / of degree |/| as 
Ef = \ f\f- In some homogeneous coordinates x l , E = \x l \x l di. 

Definition 4.10. A vector field x on a graded symplectic manifold M is called 
symplectic, if it preserves the symplectic structure, i.e. C x u = 0, where C x is the 
Lie derivative with respect to x- It is Hamiltonian, if the 1-form l x u is exact, i.e., 
i x u) = dh for some smooth function h. 

Remark 4.11. Let w be a symplectic form of degree k and x a symplectic vector field 
of degree / such that k + / ^ 0. Then x is Hamiltonian l x u = d ( LE £+i ) |46j- 

Definition 4.12. A graded manifold equipped with a graded symplectic form and 
a symplectic cohomological vector field Q is called a symplectic dg manifold. It 
follows from the above Remark 14.111 that if the symplectic form uona symplectic 
dg manifold M is of degree k ^ — 1, then the cohomological vector field Q on Ai is 
Hamiltonian. Let S be the corresponding Hamiltonian function, Q = {S, .}. It can 
be chosen to have degree k + 1. Then Q 2 = and k ^ —2 implies that S is a solution 
to the classical master equation 

{S,S} = 0. (4.1) 

Example 4.13. A symplectic cohomological vector field Qm on M = T*[1]V (equipped 
with the canonical symplectic structure) can be determined by a Poisson 2- vector on 
V, i.e. a 2-vector field n = ^n^diAdj with vanishing Schouten bracket [tt, tt]s- More 
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explicitly, 

Q = 7r ij Xjd Xi + -d k 7r lJ XiXjd Xk ■ 
The corresponding Hamiltonian function is 

1 « 
7 = 2 71 " XiXj ■ 

This last example is an illustration of the following general fact [49]. 

Theorem 4.14. Let (M,u>) be a degree 1 graded symplectic structure. Then it is 
symplectomorphic to to T*[1]V with the canonical symplectic form, where V can be 
chosen to be an ordinary manifold. Under the symplectomorphism, the degree -1 
Poisson bracket {•,•} on C°° is mapped to the Schouten bracket [-,-]s on T*[1]V = 
T(/\TV). A smooth vector function S of degree 2 is mapped to a bivector field tc on 
V. Hence, S solves the classical master equation is translated into tc being Poisson. 

Remark 4.15. The above Theorem can be restated as follows. A graded symplectic 
manifold of non-negative degree is called a iV-manifold if all its coordinates are of 
non-negative degree. Isomorphism classes of dg symplectic iV-manifolds of degree 1 
are one-to-one with isomorphism classes of Poisson manifolds. 

Remark 4.16. It is also known (letter 7 of [51] and [46]) that isomorphism classes of 
dg symplectic A^-manifolds of degree 2 are one-to-one with isomorphism classes of 
Courant algebroids. 

Example 4.17. In the example of T*[p]T[l]V, we have the canonical symplectic co- 
homological vector field ip l dxi, corresponding to the de Rham differential on V. The 
corresponding degree (p + 1) Hamiltonian function is —ijj % Fi. Hence, if c is a closed 
(p + l)-form, the sum 

is also a solution to the master equation and the corresponding Hamiltonian vector 
field Q = {S,-} is another example of a symplectic cohomological vector field on 
T*\p\T[l]V. 
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Twisted Dorfman bracket. Using the above cohomological vector field Q on M = 
T*[p\T[l]V, the twisted Dorfman bracket can be identified as a derived bracket on 
T*[p]T[l]V. Let C n for n < p — 1 denote the subspace of all degree n functions 
on T*[p]T[l] V. For n < p — 2, a degree n function a G C n corresponds to an 
n-form a G Q n (V) via a = ^y,a il _j n '0 n . . . ?/;* n . Also, a degree p — 1 function 
£ = (^TiyT^u. ..jp_i^ n + w l Xi G C p _i on T*[p]T[l]y corresponds to a pair 

e = (co>, v) G fi p-1 (V) ©£(V) consisting of a (p — l)-form and a vector field. We have 
the following relation between the dg symplectic manifold structure of T*[p]T[l]V r 
and the Courant algebroid structure on X(V) © fi p ^ 1 (V r ) (given by the pairing, the 
anchor, the twisted Dorfman bracket and the differential as described in Section [5J) 

{ei,e 2 } = (ei,e 2 )~, 
{{S,e}J} = p(e)f, 
{{S,ei},e 2 } = [ei,e 2 ]~ , 
{S, a} = (da)~ , 

where, a is (p — 2)-form and / is a function on M. 

In particular, the subspace of degree p — 1 functions on T*[p]T[l]V is closed under 
the derived bracket {{S, .}, .}, which can be identified with the twisted Dorfman 
bracket. Actually, as a consequence of a theorem in [19], the complex (C n \p — 
1], V^xJri^o can b e equipped with an Lie jo-algebra structural, the twisted Dorfman 
bracket being one of the binary brackets. 

Let us note that in the case of p = 2 the canonical transformation e 5c generated 
by a degree 2 function £ = C^XiXj gives e Sc e = (e^e)~. 

Twisted Dorfman bracket - continuation. In the example of M — T*[p]((A'T)[p — 
1](T[1]V)), we can take as the Hamiltonian vector field Q = {S, ■} corresponding to 
the Hamiltonian^ 

S = -^ Ft + Gjif + -J—Ci^rf 1 . . . ^ ip+l . 

9 See [SS] for the explicit formulas. For the original work on case p — 2, see [25]. Also, see [7] for 
another related (generalized) Loo-structure. 

use the following convention. Only when using the upper case notation for a multi-index, 
we assume it ordered, otherwise not. 
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We can embed T*\p]T[l]V into T*\p]((A'T)\p — 1](T[1]V)) as the zero section of the 
vector bundle T*[p]((A*T)[p - 1](T[1]V)) ->• T*[p]T[l}V. Obviously, this embedding 
is a Poisson map. Hence, the Dorfman bracket can be identified as (a part of) the re- 
striction to T*[p}T[l}V of the derived bracket on T*\p]((A'T)\p- 1}(T[1}V)) too. For 
the further reference, let us also note that under the canonical transformation gen- 
erated by the degree p-function — ^ l y i^ n ■ ■ .ip tp - 1 A il „ Ap _ 1 the Hamiltonian function 
5* changes to 

S' = ~m + jJ—G^..^ -rfa... + J^y^..^ 1 ■ ■ ■ ^ P+1 • 

This gives another way of identifying the Dorfman bracket as (a part of) the restric- 
tion of the derived bracket on T*\p]((A'T)\p - 1](T[1]V)). 

5. AKSZ CONSTRUCTION 

In this section we review the AKSZ construction. We follow mainly [12j and [25], 
where the interested reader can find missing details. See also [15], [H] [JT] and, of 
course, [2]. The AKSZ formalism [2] provides for a solution of the classical master 
equation fTCTj) on the space of maps M := C°°(X, M) = M x . 

Here, 

(i) the source (X, Qx, /i) (a super worldvolume) is a differential graded manifold 
X, equipped with a measure /i which is invariant under the cohomological 
vector field Qx, and 

(ii) the target (M, Qm,w) (a super spacetime) is a differential graded symplectic 
manifold M with the graded symplectic form ou, such that the cohomological 
vector field Qm is a Hamiltonian vector field. 

Using the above structures on X and M the AKSZ construction produces: 

(i) a graded symplectic structure Co on the space of maps A4, and 

(ii) a symplectic cohomological vector field Q on M.. 

The cohomological vector field on the space of maps. We describe very briefly the 
construction. The tangent space TfM. to M., at some function / e M., is identified 
with with the space of sections T(X, f*TM). Then a vector field on Ai is an assign- 
ment of an element in Tf^M to each x E X and / G M. In particular, the vector 
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fields Qo and Q on Ai, associated to the cohomological vector fields Qx and Qm, 
respectively, are defined as 

(QofKx) = Q (x,f) = df(x)Q x (x), 

and 

(Qf)(x) = Q(x,f) = Q M (f(x)). 

We note that Q and Q are of the degree 1, square to zero and graded commute with 
each other. 

Proposition 5.1. Let X and M be differential graded manifolds. Then the space of 
smooth maps At = M x is a differential graded manifold, with cohomological vector 
field 

Q = Qo + Q- 

The source. For our purposes it will be sufficient to consider the case X = T[l]E, 
where E is an ordinary manifold of dimension p+1 with boundary 5E. The algebra of 
smooth functions on X = T[1]E is isomorphic to the algebra (0(E), A) of differential 
forms. We denote the isomorphism j. For the cohomological vector field on X = 
T[1]E we take the vector field Qx corresponding, under this isomorphism, to the de 
Rham differential d on (0(E), A). If we choose some local coordinates x^ on E and 
denote the corresponding induced odd coordinates on the fibre by we will have 
Qx = O^d^. Take the canonical measure /j, on X = T[1]E, which maps a function / 
on X to j x f := where j is the isomorphism between smooth functions on 

T[1]S and smooth forms 0(E) on E. In local coordinates fi = d p+1 x d p+1 6. 

The graded symplectic structure on Ai. For any n-form a G Q n (M), we obtain an 
ra-form a G VL n (M) by 

a = ev*(a) , (5.1) 
Jx 

where ev* is the pullback under the evaluation map ev : X x Ai — > M, defined by 
ev(x, f) = f(x). Integrating over X = T[1]E we obtain an n-form of degree \a\ — (p+ 
1). In particular, from the symplectic form u on M, we get the symplectic form u 
on At and if there exists a symplectic potential $ on M, we obtain a corresponding 
symplectic potential $ on Ai as well. For example, from a degree p+1 function 

11 Hence, a point ieXis locally parametrized by (a;^,^). 
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/ G fi°(M) = C°°(M), we obtain a function / e SlP(M) = C°°(M), defined on 
(j) e M by 

/>] = / 



Furthermore, we can use the coordinates on M, say X 1 , to parametrize a general the 
superfield <p '■ X — > M, hence introduce the "coordinate" superfield^fl 

In particular, in the case \u\ — p corresponding to the BV formalism, which we will 
consider from now, we have 

Proposition 5.2. For a degree p symplectic form u on M, the 2-form Co is a degree 
-1 symplectic form on Ai. Further, if $ is a symplectic potential for u, then $ is 
a symplectic potential for Co. Moreover, since lqCo = j x ev* lq m lo, we also have 
CqCo = 0. In particular, if 7 is the a degree p + 1 Hamiltonian function on M 
corresponding to Q then S := 7 = J x ev*7 is the degree Hamiltonian function on 
Ai corresponding to Q 

Let {■, ■} be the degree 1 Poisson bracket, the BV bracket, on M. corresponding 
to the degree — p Poisson bracket {-, •} on M. 

Proposition 5.3. The map j x ev* is a degree — (p + 1) Lie algebra map from 
(M, {•,•}) to (M, {;•})> i-e-, Jx eY *{f'9} = iIx eY * fJx eY * 9}, for any two func- 
tions f, g on M. 

Notation We will use the following notation. For a function / on M, we will omit 
the ev* symbol under the integral sign and simply write J x f instead of J x ev*f, etc. 

Solution to the master equation. Since p > 0, we will assume that we have chosen a 
symplectic potential $ on M and that Qm is Hamiltonian with the degree (p + 1) 
Hamiltonian function 7. To proceed further, we should be careful about the boundary 
conditions. This is discussed in great detail in [25], [26J and [TT] . We will need a 



12 In general, we may expand a superfield (f> ; X M as a polynomial in the odd variables 9 
with coefficients being M-valued functions on E, i.e., 

4 >< vi + . 1 v p+ i(x^)8 l ' 1 ''' Up+1 ■ Then if </>(°) is degree k <j>^ will be degree k — i. Assume that M is non- 
negatively graded. Factoring out the ideal generated by coefficients with negative degrees will give 
the space of the fields (including the ghosts) and factoring out the ideal generated by coefficients 
with nonzero degrees (ghost and antihelds) will give the space of classical fields. 
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slight modification of that discussion. Let L denote the Lagrangian submanifold of 
M which is the zero locus of $, and V C L some submanifold. We will consider only 
a subspace M.v of M., which consists of maps that map the boundary dX = T[l]<9£ 
into Z/@ Also, we will assume that 7 when restricted to V vanishes. Hence, we 
assume 

{7,7} = 0, 

and 

i\l> = . 

Theorem 5.4. On M.l, the vector field Qo is Hamiltonian, with the corresponding 
Hamiltonian function 

So = -t>Q a • 
For 7 satisfying {7,7} = 0, and = the sum 

S = So + 7 , 

is a solution of the master equation on M-l 1 , i.e., S is a BV action^^ 

We will not give a formal proof, since it is a only a slight modification of the 
discussion, in the case V = L in [11] and [25] . We sketch as an example the case when 
X = T[1]E and M = T*[p]N, with iV some graded manifold N, with coordinates of 
degrees from to p. Choose homogeneous local coordinates X 1 on iV and the dual 
fibre coordinates Pj on T*[p]N — > N. For the symplectic potential on M we take 

= Pi dX i . 

Hence, L is given by P = 0. 

We will use the notation X x , Pi for the superfields associated with the local coor- 
dinates X\Pi on M respectively, i.e., X 1 = Pj = $*P\ 

So in the local coordinates 

u = ( SPiASX*, 
Jx 

13 To be more precise, M l 1 has to be properly regularized, see [TT] for the detailed discussion for 
L' = L. We will not discuss the subtleties related to this and refer to [TT] for the general discussion, 
cf. also [IS]. 

14 I.e., for e M = M x , S[cb] = S [(/>] + = f x {-i Qx 4>*a + ^(7)). 
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and the BV bracket is determined by the bivectoi0 

d*t a d L Pi . 

x 

Hence, for the So part of the BV action we hav<Q 

S = f PiDX*. 
Jx 

In the above formulas and in the sequel we use the notation D for O^d^. Now we can 
explicitly check that So is the Hamiltonian for Q iff j x D(PiDX l ) = j dx PiDX 1 = 
0. By assumption, (Pj(x), X % (x)) G V C L on the boundary and it follows that for 
x G dX we have P l (x) = 0. Therefore, So is indeed the Hamiltonian for Qq. 
Furthermore, we have 



Qo7= / D 1= / 7- 
Jx J ax 

where we used the symbol D also for the lift of 6^8^ to M. x X. For x G dX, 
by assumption, (Pi(x),X l (x)) G L' and we see that if 7^/ vanishes then Q 7 = 
{So, 7} = 0. We conclude that So + 7 is a BV action. 

Remark 5.5. Integrating in S over the odd variables 9 and restricting it to the degree 
zero fields, we obtain the "classical" action S c i. Then the solutions of the classical 
field equations are dg maps from (T[1]E, D) to (M, (— l) p+l Q) [15]. This follows from 
the fact that the critical points of S are the fixed points of Q. 

Canonical transformations. From the above discussion, it follows that a canonical 
transformation on M, generated by a function a of degree p, induces a canonical 
transformation on Ai generated by the function a. We will use the notation S a for 
the corresponding Hamiltonian vector field and e 5a and e 5& for the respective canon- 
ical transformations. From e~ Sa {e s °"j, e So "j} = {7,7} we see that {e Sa j,e Sar y} = 0, 
provided {7, 7} = 0. We can write 

e 5& (S + [ 7 ) = So+ / eS + EV^ / 
Jx Jx f^nl J dx 



15 Hcre the superscripts R and L refer the right and left (functional) derivative. We will omit 
them in the sequel. 

16 More precisely, we should have written Sq[4>] instead of Sq. We will continue, hopefully without 
causing confusion, with this shorthand notation in the sequel. 
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Hence, when a\i/ = 0, the BV actions S + J x 7 and So + f x e 5a 7 are equivalent, i.e., 
related by a canonical transformation. 

In general, the symplectic potential $ (and hence also the the Lagrangian sub- 
manifold L defined by its locus) or the submanifold L' may have changed due to the 
canonical transformation. Hence, for degree p generating function /3 on M it may 
happen that L'^ : = e <5/3 (L / ) 7^ L' . So, let us assume that (e <5/3 7)|i/ = and, therefore, 
So + (e 5s 7)~ is a BV action. Also assume, for simplicity, that {(3, (3} = 0. We have 

S + [ eS ~ e- s P(S + [ e^7) = e"**S + / e"^e^7 
Jx Jx Jx 

= S - [ D(3 + I 7 = S + / 7- / 0, 
Jx Jx Jax 

where in the first equality we have used Proposition 15.31 and in the second equality 
the fact that only first two terms in the expansion of e~ 6 P will survive due to the 
(graded) Jacobi identity and the assumption {0,(3} = 0. 

Hence, we have a slight modification of the corresponding statement of [25J 

Theorem 5.6. 

(i) Assume that {7,7} = ; j\l> = and a\v = 0. The BV actions So + f x 7 
and So + f x e Sar Y are equivalent, i.e., related by a canonical transformation. 

(ii) Assume that {7,7} = and {(3,(3} = 0. Also, assume that (e^j)]^ = 0. 
Then the BV action So + J x e 5,3 7 on M.^ and the BV action Sq + fy-7 071 
Ml' , where Sq corresponds to the symplectic potential i9 — d(3 , are equivalent. 
The latter BV action can be written as a bulk/boundary action Sq + j x 7 — 

Sex?- 

Related to this we have the following corollary [25] 

Corollary 5.7. Let a and (3 be degree p functions on M, ol\l> = and (3 G Inu^y. 

Here %u is some embedding of functions on V into functions on M such that Pyiu 
id with Pl> being the restriction to U . Assume that we have found o/\l> = 0, and 
/3' G lmi L < such that e 5a e s ? = eV e s <*' . Then the BV actions S + J x 7 + J 9X (3 and 
^o + fx e&a ^ + fax are equivalent^ 



Of course, we assume that {7, 7} = 0, = 0, {(3, (3} = and {/?', /?'} = 0. 
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The statement of the corollary follows from the chain of equivalences and equalities 
So+ I 7 + / (3~S + [ e~S~So+ / e*-e-'"7 

JX JdX JX JX 

= S + [ e -*i>'e Sa 'y~So+ [ eS + [ (3', 

JX JX JdX 

where we have used that, according to the assumptions, 

e ^ e -V 7 | L , = e ^'e- s ^\ L/ = e~ s ^\ L > = 0. 

6. Examples of the AKSZ construction 

6.1. Poisson sigma model. Here we follow [TT]. For V a smooth manifold, we 
take M = T*[1]V. The canonical symplectic structure u on the target T*[1]V is of 
degree \u\ = 1. Hence, we take a 2-dimensional S. We will denote the degree local 
coordinates on V as X 1 and the induced degree 1 fibre coordinates on T*[1]V by Xi- 
The canonical symplectic form in these coordinates is u = d\i A dX l . The potential 
one-form d can be taken as $ = Xi dX l . Its zero locus L is given by x% = 0. A 
symplectic cohomological vector field Qm on M = T , *[1]V is necessarily determined 
by a Poisson 2-vector on V, i.e. a 2-vector field % = ■s'K^dx' A dxi with vanishing 
Schouten bracket [tt, More explicitly, 

Qm = n lJ Xjd Xl + ^(d k ^ r )XiXjd Xk ■ 

The corresponding Hamiltonian function is 

1 ij 
7 = 2 71 " XiXj ■ 

Furthermore, we may use the superfields X\ x 1 to write the BV bracket in the form 

/ 9 X iAd x .. 
Jx 

For the So part of the BV action we have 

S = f Xl DX\ 
Jx 
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Hence, in this case, the AKSZ construction gives the Poisson sigma model of [28J, 

|5D]0 

It follows from Remarks I5.5l and l4.8l that the solutions to the classical field equations 
are Lie algebroid maps from T[1]S to T*[1]V, cf. [53J. 

If the boundary <9E is nonzero, we take the Dirichlet boundary conditions for the 
superfields Xi- 

6.2. Open topological membrane and twisted Poisson sigma model. This 
subsection is based on |25j. Let V be a smooth manifold and put M = T*[p]T[l]V, 
with p an integer p > 2. The case p = 2, corresponds to the open topological 
membrane. The canonical symplectic structure co on the target T*[p]T[l]V is of 
degree p. Hence, we take a p + 1 dimensional E. We will denote the degree 
local coordinates on V as X % and the induced degree 1 fibre coordinates on T[1]V 
by i/j 1 . Dual fibre coordinates on T*[p]T'[l]V — > T[1]V of the respective degrees 
p — 1 and p will be denoted by \% an d F%. The canonical symplectic form in these 
coordinates is u = dFi A dX l + dip 1 A dxt- The potential one-form d can be taken as 
i? = FidX 1 + ip l d\i- Its zero locus L is given by Fi = and ijj 1 = 0. 

We may use the superfields corresponding to the local coordinates on T*[p]T[l]V 
to write the BV bracket in the form 

/ {p X i A + d Xi A d^i) . 
Jx 

For the part of the BV action we have 

S = f (FiDXi + tfDXi). 
Jx 

Furthermore, the canonical symplectic cohomological vector field corresponding to 
the de Rham differential on V is Q = ipidx t and the corresponding degree (p + 1) 
Hamiltonian 70 = ip l Fi is a solution to the classical master equation on T*[p]T[l]V 
satisfying 7 |l = 0. From now on, we will use notation T for %. Hence we have the 
"free part" of the BV action 

S + T = [ (FiDX 1 + tfDXi ~ VFi) . 
Jx 

18 Recall footnote HH 
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Bulk interaction. Let c be a (p + l)-form on V. In local coordinates, 

c = J^Jy^-^ dXh A • • • A dX ' P+1 ■ 

We associate with it the degree p + 1 function C = fajjjT c n...i P+ i'0 n ■ • • on M 
and the corresponding degree function r x = J x (7 on Ai. By construction, 

{5 + r + r a , s + r Q + r l5 } = 2{r , r 1} } = 2 / {-vf u c} . 

Jx 

Since the function —ip l Fi on T*[p]V corresponds to the de Rham differential on V, 
we see that the sum 

So + r + T x = J&iDX* + ^D Xl - tfFi + j-^c h .. Ap+1 iP h . . . </> ip+1 ) 

is a solution to the master equation iff the (p + l)-form c is closed. Let us also 
note, that the canonical transformation on M generated by the degree p function B, 
where B = hh 1 ...i p i )n ■ ■ ■ corresponds to a p-form b on V, amounts to the gauge 
transformation c H- c — db. 

Boundary interaction. One can also consider E to have a nonempty boundary dH. 
For our discussion it is relevant that the boundary conditions can be chosen so that 
the superfields X\ F iy and x% restrict on the boundary to maps to the zero locus 
of d. This means that we take the Dirichlet boundary conditions for the superfields 
Fi and 

The case p = 2 was thoroughly discussed in [25]. If p = 2, we can consider a 
boundary term associated to a 2-vector field tt on V. This can be done considering 
the canonical transformation on M generated by the degree 2 function —\^XiXy 
We know that the result is equivalent to the boundary/bulk BV action 

S= f (F i DX i + tfDxt ~ VF % + -U ifc y> tyty*) + \f i&XiXj ■ 

For 7 = ip l Fi + hcijkip 1 '^^, the condition {7, 7} = gives, as before, dc = 0. 
Regarding the condition 7^ = 0, we notice that the Lagrangian submanifold L n is 
given by equations 



19 Othcr boundary conditions and the related effects are discussed in [35]. Also, see [55] and [TT] 
for discussion of boundary conditions for the remaining superfields. 
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and 

I i 

Fi = {-^ X iXj,F l } = -dur^XjXk • 

Let us note that the first equation gives the graph of the map tt, whereas the second 
equation is the integrability condition for this graph. These two conditions determine 
a Dirac structure in T*V © 7V0 
From here if follows that 

[n.Trjs = - A 3 ir^c, 

where the bracket subscript S stands for the Schouten bracket. Hence, 7r defines a 
twisted Poisson bracket on V. This is, up to equivalence, the most general BV action 
of the AKSZ form in our case [25] . 

Gauge transformations. Recall Corollary 15.71 Following [25J, we consider a degree 
2 function a = ^a^if) 1 ^ , corresponding to a 2-form a = ^a^dX 1 A dX^ on V 
and a degree 2 function (3 = \^XiXj corresponding to a twisted Poisson tensor 
7r = jir^di A dj, [tt,tt}s = — A 3 tt^c on V. From Proposition 12.71 it follows that in 
Corollary 15.71 we have to choose j3' = \^XiXji with 7r'" = 7r" o (1 + a$ o 7r^) _1 , 
[tt', 7t']s = — A 3 7r'"(c — This means that we have the equivalence of the two 

bulk/boundary actions given by the respective gauge transformations c i— > c — da 

and 7T^ I— > 7T^ O (1 + Ctjj O 7T^) _1 . 

Poisson sigma model. On shell, using the equations of motion for i^'s, we obtain the 
closed twisted Poisson sigma model [JT], [35] 

%, c ) = / (X.M* + l^XiXj) + l[ c^DX'DX'DX 1 . 

Remark 6.1. In order to obtain the open (twisted) Poisson sigma model, in [25] 
it is proposed to include boundaries with corners and allow for different boundary 
conditions on various regions of the boundary. If, for example, the boundary dX is 
divided in two regions, on the first one takes the same boundary conditions as before 
and on the second one restricts the superfields to only V. The interface of the two 
regions can then be viewed as the boundary of the first region. On the interface live 

20 The paper [3S] discusses also the more general case of M = T*[2]T[1]A, where A is a Lie 
algebroid, and describes the correspondence between Lagrangian submanifolds on M and Dirac 
structures in A* (B A in this more general case. 

21 We will describe the original argument of |25] later in relation with the higher dimensional 
case. 
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only superfields corresponding to functions on V, as on the boundary of the Poisson 
sigma model. 

7. Open topological jo-branes and Nambu-Poisson sigma models 

Let, again, V he & smooth manifold. We put M = T*[p\((K p - l T)[p - l\(T[l\V)), 
with p > 2 an integer. The canonical symplectic structure u on the target M is 
of degree p. Hence, we take a p + 1 dimensional S. We will denote the degree 
local coordinates on V as X\ the induced degree 1 fibre coordinates on — > V 
by if) 1 , the induced degree p — 2 and degree p — 1 fibre coordinates on (A P_1 T)\p — 
1](T[1]V) ->• as H 1 := H* 1 -**- 1 , with i x < . . . < z p _i and r/ J := rf 1 "^- 1 , ^ < 

. . . < respectively. Further, the dual fibre coordinates on T , *[p]((/\ p-1 T)[p — 
1](T[1]V)) ->■ (A P_1 T)[p - l](T[l]y) of the respective degrees p - 1, p, 2 and 1 
will be denoted by Xi, F i, Gi '■= z x < . . . < i p _i, and A/ := 4...i p -i. 

ii < . . . < i p -i. The canonical symplectic form in these coordinates is 

u = dFiA dX' 1 + dtp' 1 A d\i + dd A dH 1 + drj 1 A dAi . 

The potential one-form $ can be taken as $ = F^dX 1 + ip l dxi + GjdH 1 + rfdAj. 
Its zero locus L is given by Fj = 0, = 0, Gj = and r\i = 0. We choose the 
submanifold V C L of L by letting iF = and requiring that all the products 
Xi-^-h-ip-! are totally antisymmetric in all their indices. 

We may use the superfields X\ F i: ip\ Xii H 1 , Gj, r\ I and A/ to write the BV 
bracket in the form 

/ (d X i A d F% + d Xi A + d H i A d Gj + d Al Ad,,/). 

For the So part of the BV action we have 

S = f (F i DX i + VD Xi + GiDH 1 + rfDAi) . 
Jx 

Furthermore, we can now add the Hamiltonian function —ip l Fi corresponding to the 
de Rham differential on V and further terms not depending on a background, so that 
the corresponding degree (p + 1) function 

70 = -4% + _L-G il ... ip _ 1 (7 7 <1 - i '- 1 - ^ • • , 
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is still a solution to the classical master equation on M = T*[p]((/\ p ~ T)[p — 
1](T[1]V)) (cf. the remark at the end of Section @|, satisfying 7 |l = 0. Hence, 
we have the following BV action 

S + T = [ (F.DX 1 + tfDXi + GjDH 1 + rfDAj) 
Jx 

+ Ji-tfFi + AjfG,,.^^ 1 - ^ . ..^)) . 

Bulk interaction. Let c be a (p + l)-form on V. In local coordinates, 
c = (p+x)! c i 1 ...i p+1 dX n A ... A We associate with it the degree p + 1 function 

C = fo+iji ^i-v+i^ 1 • • • '0 ip+1 on ^ an d the corresponding degree function r\ on 
Jvl. By construction, 

{So + r + r 1; s Q + r + rj = 2{r , rj . 

Obviously, the sum 

S + T + T 1 = [ (F.DX 1 + tfDxi + GjDH 1 + rfDAj) 
Jx 

+ <^X c -*"■••^ + ■ 

is a solution to the master equation iff the (p + l)-form c is closed. Let us also 
note that the canonical transformation on M, generated by the degree p function a, 
a w = 0, {a,a} = 0, where a = ^(^...^V 2 "^ - ^..i^ 1 ^ 2 ^ 3 "^ 1 ), with 
b being a p-form on V, amounts into the gauge transformation c h> c — db. Such a 
canonical transformation preserves L as well as V . 

Boundary interaction. Again, we can allow for a nonempty boundary ^ of 
E and try to add a boundary interaction. The boundary conditions can be cho- 
sen so that the superfields restrict on the boundary to maps to the submanifold 
V C L of the zero locus L of d. This means that for the superfields Fi, if) 1 , G\ 
and r) 1 we take Dirichlet boundary conditions, as well as for H 1 and (Xh-^i2-i p + 

We can consider a boundary term associated to a p- vector field ir on V. This 
can be done considering the canonical transformation on M, now generated by the 
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degree p function -j^^rc ili2 - ip Xh A 2 ... i p = - j^zTy ^ hi2 " Ap A 1 ...i p . 1 Xi P - We know that 
the result is equivalent to the boundary/bulk BV action 

= So + T + r\ = / (F.DX 1 + tP'DXi + GjDH 1 + rj'DAj) 
Jx 

+ <th L c — *" ■ ■ ■ + L ih^' m ^-^ ■ ™ 

For 7 = -tfFt + j^yG^^^ - ^ . . . ^) + ^c,,..^^ 81 . . . the 
condition {7,7} = gives, as before, dc = 0. Regarding the condition 7^ = 0, we 
notice that the Lagrangian submanifold L n is given by equations 

^ = {7r^A jXj ^ t } = ^Aj, (7.2) 

rf = {7T Ji Aj Xi ,V I } = ^ I X j , (7.3) 

G I = , (7.4) 

and 

F { = {n Jj A jXj , FA = d^AKXj ■ (7.5) 

Also, the conditions H 1 = and the products XiiA 2 ...i P being totally antisymmetric 
in its indices are not affected by this canonical transformation. Hence, from 7^/ = 0, 
it follows that 

- 7r J %(7r Kj ) AjA KXj + j-^c h .., p+ y^ . . . ir Jp+lip+1 Aj t . . . A Jp+1 = . (7.6) 

If we now assume a (locally) decomposable n, the second term will vanish auto- 
matically. Taking into account that Xh^-i2-i p are totally antisymmetric in all their 
indices, for a (locally) decomposable it, this equation gives the differential condition 

(El. 

Before we summarize the above discussion, let us note that the decomposability 
assumption of n is quite natural as the following remarks show. 

Remark 7.1. With a decomposable tt, on L'^ C L n also the products ip 11 ^ 2 -^- 1 are 
antisymmetric in all their indices. Using the decomposability of n in the form of 
Lemma (13 .6p and the antisymmetry of the products XwA 2 ...ip it is easy to see that 
p^ti^-ip-i = n h—3p Aj 1 ...j p _ 1 Xj p 7r' ll '"' lp , from where the claim follows. 



AKSZ CONSTRUCTION OF TOPOLOGICAL OPEN P-BRANE ACTION 



29 



Remark 7.2. Also, the decomposability of tt - at a point of V where tt is nonzero 
- is a necessary condition for the second term to vanish independently of c. From 
the condition tt Ji11 . . . n Jp+1%p+1 Aj t . . . A Jp+1 = it follows that (locally) the rank of 
the map tt^ : fi p_1 (V r ) — > X(V) has to be smaller than ( p + 1). On the other hand, 
since tt is of order p the rank of this map has to be at least p. Hence, the rank of 
tt$ : f2 p-1 (V) — > X(V) is p. This is equivalent to the decomposability of tt. 

Now we can summarize the above discussion. 

Theorem 7.3. Let L n be the Lagrangian submanifold given by Fi = vfj l = rf = 
Gi = and let L' n C be its submanifold given by the conditions H 1 = and 
XhAi 2 ...i p + Xi k Ai 2 ...i k _ 1 i 1 i k+1 ...i p = 0. Also, let the superfields restrict at the boundary 
to maps into a submanifold L' n C L n . Let, further, c be a closed p + 1-form and n a 
Nambu-Poisson tensor of order p, for p > 2. Then the bulk/boundary action S Ct7T of 
Eqn. fTJ]] is a BV action^ 

For the converse statement, see Remark 17.21 above. We finish this section with the 
following remark. 

Remark 7.4. Let us note that the equation (17.21) gives the graph of 7r" : Q P ~ 1 (V) — > 
%(V) in X(V) © n p_1 (K) and the equation ( 17.31) the graph of the map dual to if. 
Let us also note that the condition (17. 3p was not used at all in order to derive the 
integrability condition (17. 6p . In [22] and [57] higher Dirac structures (Nambu-Dirac 
structures) on £(V) © fi p_1 (K), or more generally on A © A P ^ 1 A*, A being a Lie 
algebroid, were defined. The graph of the map 7r" corresponding to a p-tensor tt is 
an example of a higher Dirac structure iff tt is a Nambu-Poisson tensor. It would 
be interesting to further explore, similarly to [25], the relation between boundary 
conditions and higher Dirac structures. 

Gauge transformations. Recall Corollary 15.71 Consider the degree p function a, 
a w = 0, {a, a} = 0, where a = '/'•'-"• - 8^...^^^^-^), with b 

being a p-form on V. Let us recall that the canonical transformation generated by 
a, results in the gauge transformation c t— c — db. Such a canonical transformation 
preserves both L as well as L' . 

22 For p = 2, we can also assume a not necessarily decomposable tt and choose consistently the 
submanifold L' n of L n given by additional conditions = Xi- Then the condition (I7.6[) means that 
7r is a Poisson structure twisted by c. 



30 



P BOUWKNEGT AND B JURCO 



Also, consider the degree p function /3, j3} = 0, given as 
P = ^ T y T 7r n42 - ip XjiA 2 ...i p , with 7r being a Nambu-Poisson tensor. We are looking 
for the solution to the factorization problem e 5a e 50 = e s P'e s <*' (cf. Corollary 15. 7p . 
In order to solve it, we can follow the strategy of [25] in the case of the topological 
open membrane. For this we replace a by to. Then a 1 and f3' will depend on t and 
therefore will be denoted as a' t and (3' t , respectively. Obviously, /% = (3. Inspired by 
Corollary 13. 9[ we take /3' t again of the form (3' = lj} ^ l y ^'t ll2 "' tp Xii Ai 2 ...i p , with n' t an 
antisymmetric p-tensor field. We have 

(lib ^ 

with 

e t = e' S ^a-$' t 

where 

$ = # - nfAj , 

and 

V I t =r ] I +(-irn' I / Xj - 

Since we ask e t to vanish on L', the terms proportional to the products \A have to 
be zero. The resulting differential equation for irfi, with the initial condition 7Tq = 7r" 
has the solution^ 

tt'J = vrfl o (1 + 6 fl o = (1 + (-lf-^Tr))- V . 

Hence, ix' = 7i[ is a Nambu-Poisson tensor, gauge equivalent to it. Fortunately, we do 
not need the the explicit form of a', which is the solution to ^e" 5 "* = 5 tt e Sa t, a' = 0. 
It is enough to know that ol\u = which guaranteed by et vanishing on L' . 

Let us finish this subsection by recalling that in the case of an exact b the gauge 
transformation between n and tt' can be identified as the Seiberg-Witten map, see 
Proposition 13.111 ff. 



See Remark EHHI 
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Nambu-Poisson sigma model. On shell, using the equations of motion for F's and 
G's, we obtain the closed (twisted) Nambu-Poisson sigma model, cf. also [32] 

S^c) = [ X>DX* 
Jax 

+ Lwh- Ci '^ DXh --- DX>r+1 - (77) 

Remark 7.5. Let us note that from equations of motion for %'s and A's 
and 

DX h . . . DX^- 1 = tt' ; • '" " ; -V; . 
it follows that the products 

must be antisymmetric in indices i, %\ . . . , i p -\, which is consistent due to the de- 
composability of 7r and the antisymmetry of the products XiM 1 ...i v ^ 1 (cf. Remark 

EH). 



Remark 7.6. In order to obtain the open Nambu-Poisson sigma model, we can follow 



the idea of [25J, cf. Remark 16.11 and include boundaries with corners and allow for 
different boundary conditions on various regions of the boundary. If, for example, 
the boundary dX is divided in two regions, on the first one takes the same boundary 
conditions as before and on the second one restricts the superfields to only V. The 
interface of the two regions can then be viewed as the boundary of the first region. 
On the interface live only superfields corresponding to functions on V. 
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